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It is demonstrated both theoretically and experimentally that the spin chirality associated with a
noncoplanar spin configuration produces a magneto-optical effect. Numerical study of the two-band
Hubbard model on a triangle cluster shows that the optical Hall conductivity σxy(ω) is propor-
tional to the spin chirality. The detailed comparative experiments on pyrochlore-type molybdates
R2Mo2O7 with R =Nd (Ising-like moments) and R =Gd (Heisenberg-like ones) clearly distinguishes
the two mechanisms, i.e., spin chirality and spin-orbit interactions. It is concluded that for R=Nd,
σxy(ω) is dominated by the spin chirality for the dc (ω = 0) and the d → d incoherent intraband
optical transitions between Mo atoms.
PACS numbers: 78.20.Ls, 78.20.Bh,
Quantum-mechanical phenomena associated with the
Berry phase1 have attracted much interest in condensed-
matter physics, including charge and spin Hall transport
properties. In particular, it has recently been recog-
nized that the Berry phase is relevant to the anomalous
Hall effect (AHE) where a finite dc Hall conductivity
σHall(≡ σxy(ω = 0)) appears in ferromagnets. It was
first proposed that the AHE originates from a fictitious
magnetic flux penetrating the conducting network2,3,4.
However, the AHE is distinct from the ordinary Hall ef-
fect that appears in the presence of the external uniform
magnetic field, since the periodicity of the crystal is pre-
served in the case of the AHE. Then it was found that
the Berry phase curvature of the Bloch wavefunction in
the momentum space is a more fundamental and uni-
versal concept5,6,7,8, which leads to a finite anomalous
contribution to the Hall conductivity. This Berry phase
curvature emerges through the relativistic spin-orbit in-
teraction and/or the solid angle subtended by the spins
under the noncoplanar structure, the latter of which is
called spin chirality9,10,11,12.
The spin-chirality mechanism for the AHE has a fun-
damental significance, since the spin-orbit coupling act-
ing on the propagating carriers was considered to be in-
dispensable to produce the AHE in conventional theo-
ries13,14. Recently, spin-chirality scenarios for the AHE
have been extensively studied from both theoretical
and experimental aspects2,3,4,5,6,15,16,17,18. On the other
hand, it is also believed that the spin-orbit coupling is
indispensable to have a finite optical Hall conductivity
σxy(ω). It remains as an open issue how such magneto-
optical properties are influenced by the spin chirality in
strongly correlated electron systems like transition-metal
oxides, which is of our interest in the present paper.
In conventional magnets, it is difficult to distinguish
between two mechanisms based on the spin-orbit inter-
action and the spin chirality, since the noncoplanar spin
structure itself originates mostly from the spin-orbit in-
teraction acting on the same electrons which are respon-
sible for the magnetism. In this context, a pyrochlore
molybdate system R2Mo2O7 (R =Nd and Gd) offers an
ideal laboratory to address this issue6.
The both compounds have a unit cell composed of a
tetrahedron for R ions and that for Mo which are shifted
from each other by half the lattice constant. Nd2Mo2O7
henceforth referred to as the NMO is an itinerant fer-
romagnet with Curie temperature TC ∼ 90 K. By a
small amount of hole doping, the marginally insulat-
ing Gd2Mo2O7 turns to be a ferromagnetic metal with
Tc ∼ 60 K in the case of (Gd0.95Ca0.05)2Mo2O7 (hence-
forth referred to as the GMO). The ferromangetism in
these compounds is mostly attributed to the double ex-
change mechanism for mobile carriers of Mo 4d electrons.
Well below Tc (∼ 40 K for R=Nd), through the exchange
coupling Jfd with the Mo spins, the localized 4f moments
on the rare-earth ions R=Nd and Gd start to produce a
net magnetic moment in the anti-parallel and the paral-
lel directions to the ferromagnetic moments of Mo spins,
respectively. Here, it is important to notice that the Nd
moments are subject to a strong single-ion anisotropy
and the four moments in the Nd tetrahedron behave as
Ising spins pointing toward or outward the center of the
tetrahedron as in spin-ice systems6. In contrast, the Gd
moments behave as Heisenberg spins since the orbital
moment is quenced in the Gd3+ ion with the 4f7 config-
uration16. The noncoplanar spin anisotropy and struc-
ture of the Nd moments are transmitted to the Mo spins
through the exchange coupling Jfd, leading to the spin
chirality of the Mo electrons only in the case of the NMO.
This spin chirality manifests itself as a gauge flux which
is experienced by the electrons upon their coherent and
incoherent propagations, or the optical d→ d transition
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2between the Mo atoms, while the local charge transfer ex-
citations on the Mo−O bonds are least influenced by the
spin chirality since the oxygen ion has no spin moment.
In the dc limit, the spin chirality actually contributes to
the AHE. In particular, in the case of the NMO, we can
distinguish a spin chirality induced term in σHall from the
conventional one associated with the spin-orbit coupling
of the itinerant electrons. This is because the spin chiral-
ity of the Mo conduction electrons appears without the
spin-orbit interaction acting on themselves. Similarly, it
is expected that the spin chirality gives an additional
contribution to σxy(ω) for the NMO, as far as the optical
d → d transitions between the Mo atoms is concerned.
Namely, the dc and the optical Hall conductivities of the
NMO in the energy range from ω = 0 to the optical
d→ d transitions contain the spin chirality induced con-
tributions. On the other hand, those of the GMO, which
is a reference system reproducing well the magnetic and
longitudinal-transport properties of the NMO except the
chiral spin order arise solely from the conventional spin-
orbit coupling acting on the Mo 4d electrons. Therefore,
the comparison between NMO and GMO offers a touch-
stone for the spin-chirality mechanism. On this basis, we
study magneto-optics due to the spin chirality from both
the theoretical and the experimental viewpoints.
The Mo4+ ion has two 4d electrons in the t2g orbital in
the local coordinate associated with each MoO6 octahe-
dron. The trigonal crystal field splits the triply degener-
ate t2g orbitals into a single a1g and doubly degenerate eg
orbitals. One electron occupied in the a1g orbital is more
localized than the other in the eg orbital
20,21. To mimic
this situation of NMO and GMO and to gain fundamental
magneto-optical properties induced by the spin chirality,
we consider the following simplest model Hamiltonian on
a triangle cluster;
H =
3∑
i=1
[
− t
∑
m,α
(c†i,m,αci+1,m,α + h.c.)− hi ·
∑
m
si,m
+U
∑
m
ni,m,↑ni,m,↓ + U ′ni,1ni,2 − 2JHsi,1 · si,2
]
. (1)
Here, ci,m,α and c
†
i,m,α are the annihilation and creation
operators of electron at the site i with the orbital m (= 1
or 2) and the spin α (↑ or ↓), where the site 4 is iden-
tified with 1. (See Figs. 1 (a) and (b).) We have also
introduced ni,m,α ≡ c
†
i,m,αci,m,α, ni,m ≡
∑
α ni,m,α, and
si,m ≡
1
2
∑
α,α′ c
†
i,m,ασαα′ci,m,α′ . t is an orbital-diagonal
transfer integral between the nearest neighbors, U and
U ′ = U − (5/2)JH are the local Coulomb interaction pa-
rameters, and JH is the Hund coupling henceforth as-
sumed to be U/8. The second term in the square bracket
in Eq. (1) mimics the molecular fields created by the a1g
and the surrounding eg electrons as well as the surround-
ing rare-earth moments in the two-in two-out configura-
tion in the context of the spin ice22. Figure 1 displays the
local spin configuration on a Mo tetrahedron which is the
magnetic unit cell of the Mo sublattice in pyrochlore-type
molybdates. The collinear case in Fig. 1 (d) corresponds
to GMO while the chiral spin order, the so-called “um-
brella” structure realized in NMO is shown in Figs. 1 (e)
and (f).
With the spin configurations as shown in Figs. 1 (a)
and (b), we have numerically calculated the conductiv-
ity tensor σµν(ω) of this model. When hi’s are collinear
as in Fig. 1 (a) or even coplanar within the xy plane
and hence so is the spin alignment, we obtain σxy(ω) =
0. Now, we introduce the noncoplanar umbrella-like
configuration for hi as depicted in Fig. 1 (b), where
hi = hei with e1 = (−
√
3
2
sin θ,− 1
2
sin θ, cos θ), e2 =
(
√
3
2
sin θ,− 1
2
sin θ, cos θ) and e3 = (0, sin θ, cos θ) in the
range of 0 < θ < 90◦. In this case, the spin chirality
χ = 〈S1 × S2 · S3〉 emerges, where Si = si,1 + si,2 is the
total spin on the site i.
Figure 1 (g) represents the main structure in the real
part σ′xy(ω) of the optical Hall conductivity σxy(ω) for
0 ≤ θ ≤ 10◦. For the collinear case θ = 0 and the copla-
nar case θ = 90◦ (not shown), σxy(ω) vanishes. With
increasing θ from 0, the σxy(ω) gradually emerges. For
the present study of the finite-size cluster which is in-
herently insulating, the energy scale of ω/t ≈ 4 is fo-
cused. This spectral region corresponds to incoherent
excitations in the case of the bulk system. The θ depen-
dence of the spectral intensity at three different energies
are shown in Fig. 1 (h) together with the normalized spin
chirality χ˜ = χ/(〈S1〉〈S2〉〈S3〉). Here, it is evident that
both σ′xy(ω) and χ˜ are in proportion to θ
2, and hence
σxy(ω) ∝ χ˜ for such small values of θ. As we increase
U , the optical Hall conductivity spectra shift to higher
energy with the intensity being decreased. It is notable
that a small spin canting affects the magneto-optical re-
sponse at such incoherent regime. The on-site Coulomb
interactions only determine the characteristic excitation
energy ω for the incoherent optical process and the lon-
gitudinal current response at this energy with the factor
∼ 1/ω. The ratio of the anomalous Hall velocity to the
longitudinal one is exclusively determined by the tilting
angle θ and insensitive to the Coulomb interaction pa-
rameters. The triangular-cluster model of non-coplanar
spins is the most basic system to investigate the effect of
spin chirality on the optical Hall conductivity. Although
these results allow at most semi-quantitative comparison
with the experiments they generally prove the impor-
tance of the spin-chirality contribution to σxy(ω) in the
incoherent range of the spectrum (for intraband transi-
tions or excitaions through the gap) independently of the
fine details of the model system.
Now we turn to the experimental results. Figure 2
shows the diagonal conductivity spectrum of NMO in
the ferromagnetic metallic ground state. As evidenced
by a systematic study of the bandwidth controlled metal-
insulator transition in pyrochlore molybdates21, the ω ≤
2 eV excitations correspond to the Mo 4d intraband op-
tical processes. The low-energy side of the conductivity
spectrum is well fitted by a Drude term (with a scatter-
ing rate of γ ≈ 35meV) when the contribution of the
3infrared active phonon modes is subtracted. The coher-
ence peak is followed by the so-called incoherent band (or
intraband) transitions in the mid-infrared region which is
characteristic of correlated electron systems in the vicin-
ity of a metal to insulator transition. Separated from the
Mo 4d optical processes, the higher energy conductiv-
ity peak (centered around ∼ 4.4 eV) is assigned as local
charge-transfer excitations from oxygen sites to neighbor-
ing Mo sites.
The dominance of the spin chirality mechanism over
the spin-orbit interaction in the dc AHE of pyrochlore
molybdates (namely ∼ 2 orders of magnitude difference)
has been previously pointed out in frame of a compar-
ative investigation of NMO and GMO6. Now, on the
basis of the present wide energy-range magneto-optical
experiments we shall conclude that the same tendency
remains valid for the finite-frequency transverse trans-
port, σxy(ω), as far as the Mo 4d intraband-transition
region is concerned.
Figure 3 gives a comparison between the optical prop-
erties of NMO and GMO in their ground state. The
measured quantities are shown on the left panel, while
real and imaginary parts (σ′µν(ω) and σ
′′
µν(ω), respec-
tively) of the conductivity tensor σµν(ω) on the right.
They are plotted on a common energy scale over the
range of the magneto-optical study. σ′xx(ω) was obtained
by Kramers-Kronig transformation from the reflectivity,
while due to the applied ellipsometric method, σxy(ω)
could be directly determined from the magneto-optical
Kerr parameters:
σxy(ω) = −(ΘK(ω)+iηK(ω))σxx(ω)
√
1 + 4piiσxx(ω)/ω ,
(2)
where ΘK(ω) and ηK(ω) are the Kerr rotation and the
Kerr ellipticity, respectively, measured by a polariza-
tion modulation technique23. For both compounds, with
nearly normal incidence, the polar Kerr spectra of the
(100) crystallographic plane were measured in a mag-
netic field of B = 0.26T in the temperature range of
T = 10 − 120K. This magnetic field is large enough to
orientate the ferromagnetic domains but still can be con-
sidered as the zero-field limit.
Both compounds can be classified as bad metals since
even at the lowest temperature the resistivity is close
to or even larger than the Ioffe-Regel limit (ρ
I−R
≈
0.53mΩcm) (see Fig. 3). The whole σxx spectra are
also similar to each other in magnitude. By contrast,
we have observed large signals ΘK and ηK for NMO be-
low ∼ 2 eV, while substantially smaller ones for GMO. In
both cases, there appear a peak structure in ΘK(ω) and
the corresponding inflection in ηK(ω) centered around
∼ 1 eV, but these are due to the presence of the apparent
plasma edge (indicated by a dashed line). After evalu-
ating σxy(ω) according to Eq. (2) the apparent plasma
resonance is naturally cancelled out by the energy de-
pendence of σxx(ω), which ensures the correctness of the
Kramers-Kronig transformation. Nevertheless, a signifi-
cant difference is quite clear in the magnitude of σxy(ω)
for the infrared incoherent band (ω . 1 eV) between the
two compounds.
On the high-energy side which is dominated by the O
2p → Mo 4d charge-transfer excitations, the magneto-
optical response of the two systems are almost identi-
cal. This suggests that in this energy region, σxy(ω)
solely originates from the spin-orbit interaction of the
Mo electrons and simply measure the spin polarization
of the final state (not the chirality), therefore invari-
ant under the change of the rare-earth component. To-
wards lower energies where the Mo 4d intraband tran-
sitions are dominant, however, σxy(ω) shows a robust
increase in the case of NMO while not for GMO. At the
lowest energy of the experiment, ω = 0.11 eV, this ten-
dency results in nearly one order of magnitude difference
between the magneto-optical responses of the two com-
pounds, as expressed by σ′xy(NMO)/σ
′
xy(GMO) ≈ 6.5
and σ′′xy(NMO)/σ
′′
xy(GMO) ≈ 11.4.
In Fig. 4, we present the detailed temperature depen-
dence of σxy(ω) for NMO. The spectral structure does
not vary with increasing temperature, but only its mag-
nitude is suppressed as Tc is approached. Figure 4 shows
the temperature dependence of σxy(ω) for the both com-
pounds at three representative energies: (i) in the dc
limit, (ii) in the region of the incoherent intraband transi-
tions (ω = 0.11 eV) and (iii) for the charge-transfer peak
(ω = 4.4 eV). The total magnetization and the Mo-spin
contribution6 are also plotted in the same figure. Below
50K, the Nd moments tend to align antiparallel to the al-
most ferromagnetically ordered Mo spins which results in
the low-temperature reduction of the magnetization. By
contrast, the interaction between Mo and Gd sites is fer-
romagnetic, and hence the magnetization is enhanced in
GMO. As far as the Mo 4d intraband (incoherent band)
transitions at 0.1 − 1 eV are concerned, σxy(ω) of NMO
is substantially larger than that of GMO over the whole
ferromagnetic phase of the compounds, independently of
temperature. This key finding evidences that the leading
term in the magneto-optical response of the incoherently
moving electrons comes from the spin-chirality mecha-
nism.
Generally speaking, the role of the spin chirality be-
comes more important as the dc limit is approached,
since the low-energy transitions can more coherently pick
up the gauge flux (or integrate the Berry curvature).
When the Fermi level is located within a tiny energy
gap generated by the gauge flux at the band crossing
point, σxy(ω=0) is maximized due to the presence of the
magnetic-monopole analog at the crossing point8. In the
low-temperature phase of NMO, this characteristic en-
ergy scale is estimated to be E0 ∼ 0.02 eV
25. The tem-
perature dependence of σxy(ω) should show a compli-
cated behavior for ω < E0 as a finger print of this gauge
flux structure in momentum space. For ω ≫ E0, on the
other hand, the perturbative treatment of the magneti-
zation M times the spin chirality χ is appropriate, and
hence we predict σxy ∝ θ
2M . Therefore, considering
E0 < 0.1 eV, it is reasonable that the temperature de-
pendence of σxy(ω) in Figs. 4 and 5 scales with the Mo
4magnetization except the dc value.
A nonmonotonous spectral shape of σxy(ω) is expected
for ω < 0.1 eV, since it is known that complicated band
crossings realized in the electronic structure gives a rapid
oscillation of σxy(ω) as mentioned above. Indeed, it
is discerned in the low-energy σxy(ω) spectra of NMO.
Furthermore, σ′′xy(ω) obviously changes sign at ∼ 0.1eV .
From the Kramers-Kronig relation, this has to be accom-
panied by a maximum in σ′xy(ω). Similarly, one can show
that the compatibility of the dc values (σ′xy(ω = 0) > 0
and σ′′xy(ω) = 0) with the low-energy σxy(ω) data pre-
sented in Fig. 4, σ′xy(ω) requires two more sign changes
in the experimentally inaccessible low-energy region as
the dc limit is approached. Such a behavior is consistent
with the above scenario of the rapid oscillation of σ′xy(ω)
at low energies due to the band crossing.
In conclusion, we have demonstrated, theoretically and
experimentally, the magneto-optical effect induced by the
spin chirality. The theory on the two-band Hubbard
model for a triangle cluster shows that the optical Hall
conductivity across the Mott-Hubbard gap emerges in
the presence of the spin chirality. The magneto-optical
experiments have shown that the amplitude of the optical
Hall conductivity in the energy range of d→ d intraband
transitions between the Mo atoms is large under a non-
coplanar spin structure in Nd2Mo2O7 with spin chirality,
while it is significantly suppressed in Gd2Mo2O7 without
spin chirality.
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Figure Captions
FIG. 1: (Color) (a) Collinear and (b) noncoplanar magnetic
structures on a triangle cluster with the polar angle θ, and (c)
the associated solid angle. (d) Collinear and (e) noncoplanar
magnetic structures on a tetrahedron, and (f) the associated
solid angle. (g) σ′xy(ω) as a function of θ for the two-band
Hubbard model on a triangle cluster. (h) Scaling plot of |σ′xy |
vs θ at three energies denoted by the arrows in (g). Lines are
fits to the θ2 dependence.
5FIG. 2: (Color online) Real part of the diagonal conductivity
σ′xx(ω) in the ground state of NMO. The region of the Mo 4d
intraband transitions and the O 2p → Mo 4d charge-transfer
excitations are indicated. The former is further divided into
two parts: Drude term and mid-infrared incoherent excita-
tions.
FIG. 3: (Color online) Left panels: Kerr rotation ΘK , Kerr el-
lipticity ηK and reflectivity spectra of Nd2Mo2O7 (NMO) and
(Gd0.95Ca0.05)2Mo2O7 (GMO) measured at T = 10K. The
dotted line running through the plots indicates the plasma
edge. The inset in the bottom panel shows the comparison
of the dc resistivity for the two materials below T = 160K.
Right panels: Spectra of σ′xy, σ
′′
xy, and σ
′
xx at 10K. In the
top panel, the dc values σHall are also indicated by dots. The
high-energy region dominated by charge-transfer excitations
is distinguished from the Mo 4d intraband transitions by a
gray pattern.
6FIG. 4: (Color) Spectra of σ′xy and σ
′′
xy of NMO at various
temperatures. The corresponding dc values (σHall) are also
plotted with dots.
FIG. 5: (Color) The temperature dependences of σ′xy(ω) and
the magnetization both for NMO and GMO. σ′xy(ω, T ) is
shown for three characteristic energies, ω = 0, 0.11 and 4.4 eV
by black, red and blue symbols, respectively. Note that the
signal at 4.4 eV is multiplied with a factor of 2.6. The overall
magnetization is indicated by green symbols while the contri-
bution of the Mo spins alone by a dashed line.
